In this paper, we generalize the Long-Moody construction for braid groups to other families of groups, such as automorphism groups of free groups, mapping class groups of orientable and non-orientable surfaces or mapping class groups of 3-manifolds. Fixing an appropriate family of groups, we define endofunctors, called Long-Moody functors, between the category of functors from the homogeneous category associated with the family of groups to a module category. We prove that under some extra assumptions the Long-Moody functors increase by one the degree of (very) strong and weak polynomiality of functors. For the particular case of braid groups, we recover a result previously obtained by the author.
Introduction
In 1994, in a joint work with Moody (see [13] ), Long gave a method to construct from a linear representation ρ : B n+1 → GL (V ) a new linear representation lm (ρ) : B n → GL (V ⊕n ) of B n . It is worth noting that the construction complexifies in a sense the initial representation. For example, applying it to a one dimensional representation of B n+1 , the construction gives a mild variation of the unreduced Burau representation of B n . This construction depends on a choice of a family of group morphisms a n : B n → Aut (F n ). Long and Moody fixed such a choice but a similar construction can be made for other choices. In [17] , we show that the Long-Moody constructions and the ones obtained from other choices of a n are functorial. More precisely, we consider the homogenous category Uβ associated with braid groups (see [16, Section 1] for the definition of homogenous categories) and the functor category Fct (Uβ, R-Mod) where R-Mod is the category of R-modules (with R a commutative ring). Explicitly, we prove that for a fixed choice of a n , the Long-Moody construction defines a functor Fct (Uβ, R-Mod) −→ Fct (Uβ, R-Mod). Furthermore, considering a slight variation of the Long-Moody construction, still for a given choice of a n , we also obtain a functor LM : Fct (Uβ, R-Mod) → Fct (Uβ, R-Mod), called a Long-Moody functor. These functors allow inter alia to recover functors encoding the well-known families of Burau and Tong-Yang-Ma representations applying appropriate Long-Moody functors to a constant functor (see [17, Section 3.3] ).
Moreover, studying the behaviour of Long-Moody functors on an object F of Fct (Uβ, R-Mod) which is very strong polynomial of degree n (see [6, Section 2] or [17, Section 2] for an introduction of this notion), it is shown that LM (F ) is a very strong polynomial functor of degree n + 1 (see [17, Section 4] ). Thus, the Long-Moody functors provide by iteration very strong polynomial functors of Uβ-Mod in any degree. This type of functors turn out to be very useful for homological stability problems: in [16] , Randal-Williams and Wahl prove homological stability for different families of groups for coefficients given by a very strong polynomial functor. Besides braid groups, their results also hold among others for automorphism groups of free groups, mapping class groups of orientable and non-orientable surfaces or mapping class groups of 3-manifolds. As for braid groups, representation theory of these groups remains complicated and a current research topic (see for example [1, Section 4.6] , [8] , [11] or [15] ). A fortiori, the very strong polynomial functors associated with these groups are not well-known.
The aim of this paper is to extend the Long-Moody construction to other families of groups and the study of its behaviour on polynomial functors. For this, we consider a family of groups {H m } m∈N , where H m is the free product of m copies of a group H, and the homogenous category UG associated with a family of groups {G n } n∈N , which satisfy some coherence properties (see Section 1.2) and such that the associated groupoid G is braided strict monoidal. For a family of morphisms G n → Aut (H n ), using the same principle as for braid groups in [17, Section 3] , we prove that we can set an extended framework so as to define a functor LM : Fct (UG, R-Mod) → Fct (UG, R-Mod), called a Long-Moody functor. Furthermore, we are interested in the effect of the Long-Moody functors on polynomial functors. More precisely, we show:
Theorem A (Proposition 2.4 and Theorem 4.5). Assume that the families of groups {H m } m∈N and {G n } n∈N satisfy Assumption 1.11, Conditions 1.15, 1.18 and 1.19. Let F be an object of Fct (UG, R-Mod). For a given choice of a family of group morphisms G n → Aut (H n ), we have the following properties.
1. There exists a functor LM : Fct (UG, R-Mod) −→ Fct (UG, R-Mod) called a Long-Moody functor;
2. The functor LM increases by one the very strong polynomial degree.
3. The functor LM increases by one the weak polynomial degree.
Weak polynomial functors are introduced by Djament and Vespa in [6, Section 3.1] . For the family of braid groups {B n } n∈N , the first point of this theorem corresponds to [17, Theorem A] and the second one recovers [17, Theorem B] . Additionally, in this paper, we prove that the families of symmetric groups, automorphism groups of free groups, mapping class groups of orientable and non-orientable surfaces or mapping class groups of 3-manifolds fit in this framework and we determine the effect of a Long-Moody functor on a constant functor. As an example, for the family of mapping class group of compact orientable connected surfaces of genus g with one boundary component, from a constant functor, we recover a functor encoding the symplectic representations of mapping class groups, which is therefore very strong and weak polynomial of degree 1.
When the groupoid G is symmetric monoidal, the homogenous category UG is also symmetric monoidal (see [16, Proposition 1.8] ). In this case, we extend a Long-Moody endofunctor from Fct (UG, R-Mod) to a category of functors from a symmetric monoidal category where the unit is a null object. More precisely, denoting by Mon symm ini (resp. Mon symm null ) the category of symmetric strict monoidal small categories (M, ♮, 0) such that the unit 0 is an initial object (resp. a null object), we are interested in the left adjoint of the forgetful functor Mon
The addition defines a strict monoidal structure on N, denoted by (N, +, 0).
Let Gr denote the category of groups. We denote by gr (resp. ab) the full subcategory of Gr of finitely generated free groups (resp. of finitely generated free abelian groups). We denote by * the coproduct in the category Gr.
We will consider a commutative ring R. We denote by R-Mod the category of R-modules. For G a group, we denote by I R[G] the augmentation ideal of G.
Let Cat denote the category of small categories. For C ∈ Obj (Cat), the underlying groupoid G r (C) is the subcategory of C which has the same objects as C and which morphisms are the isomorphisms of C. We denote by G r : Cat −→ Cat the functor which associates to a category its underlying groupoid. For two objects A and B of the category C, if A embeds in B and if no explicit notation is given, then we denote by I B A the associated embedding. If 0 is the initial object in the category C, then we denote by ι A : 0 −→ A the unique morphism from 0 to A. For D an arbitrary category, we denote by Fct (C, D) the category of functors from C to D. For the particular case where D = R-Mod, we denote by C-Mod the functor category Fct (C, R-Mod). A monoidal category is denoted by (C, ♮, 0, α, λ, ρ) where ♮ is the monoidal product, 0 is the unit, α is the associator, λ is the left unitor and ρ is the right unitor. If the category is braided, we denote by b C its braiding. For (M, ♮, 0) be a pre-braided strict monoidal small category and m an object of M, we denote by τ m the translation functor, δ m the difference functor and κ m the evanescence functor (we refer to [6, Section 1] or [17, Section 2] for the definitions of these notions).
1 Framework of the construction
Families of groups
Let H be a group and m a natural integer. One may consider the free product of m copies of H. This way, we define:
For formal coherence, we assign H 0 = {e H } the trivial subgroup of H.
Example 1.1. The classical example is the free group on m generators denoted by F m . Indeed, taking H to be Z, one may identify:
For all natural integers k and m such that k ∈ {1, . . . , m}, we denote by in Let us consider the morphisms from H m to H m+1 for a natural integer m. Since the free product is the coproduct in the category Gr, these morphisms may be written as h 1 * h 2 * · · · * h m with h i : H → H m+1 is a group morphism for all i ∈ {1, . . . , m}. We will restrict throughout this work to the case where h i = in m+1 ki
• i for all i ∈ {1, . . . , m}, with i : H → H a group endomorphism and in m+1 ki
: H ֒→ H m+1 described in Definition 1.2.
Remark 1.4. The morphisms i will generally be automorphisms in the examples, and actually the morphisms h 1 * h 2 * · · · * h m considered will be monomorphisms. However, we lead our work in the general case so as to examin the most general framework of the constructions. Example 1.5. A classical morphism from H m to H m+1 is the identification of H m as the subgroup of H m+1 generated by the m last copies of H in H m+1 = H * H * H * · · · * H iiiiiiiim times , which is in other words the morphism • Objects: for all natural integers m, H • (m) = H m ;
• Morphisms: for all natural integers m, H • (γ m ) = * i∈{1,...,m} in m+1 ki 
associated with this inclusion morphism and let M = Card {k 1 , . . . , k m } ≥ m ′ − m. We order this set, defining k j to be the j-th element of {k 1 , . . . , k m } for all j ∈ {1, . . . , M }. Hence, we define the complement inclusion morphism in Remark 1.10. Since the free product is the coproduct in the category Gr, there exists a unique isomorphisms such that the following diagram commutes.
Let (G, ♮, 0) be a braided strict monoidal groupoid such that Obj (G) ∼ = N. For all natural integers n, we denote by G n the group Aut G (n). Assumption 1.11. Assume that the following two assumptions are satisfied.
• (A1): There exists a functor A • : G −→ Gr such that for all natural integers n, A • (n) = H n .
• (A2): There exists a natural transformation of group morphisms {ς n : H n −→ G n } n∈N .
Coherence conditions
Definition 1.12. Let H be a group. With the previous notations, we say that the family {H n } n∈N and the braided strict monoidal groupoid (G, ♮, 0) form a Long-Moody system, denoted by {G, H n , A • , ς n } LM n∈N , if they satisfy Assumption 1.11.
Considering a Long-Moody system {G, H n , A • , ς n } LM n∈N , we need the following coherence conditions for our constructions. Definition 1.13. Let n ′ be a natural integer. Since ♮ defines a monoidal product structure on G, we define the group morphisms for all g ′ ∈ G n ′ and all natural intgers n:
We naturally define a functor (g ′ ♮−) : G −→ G by:
• Objects: for all natural integers n, (g ′ ♮−) (n) = n ′ + n;
We denote by (g ′ ♮−) * the precomposition by the functor (g ′ ♮−).
Notation 1.14. Following [14, Chapter 2, Section 6], for C 1 , C 2 and C 3 small categories, considering T : C 1 → C 2 and S : C 3 → C 2 functors, we denote by (T ↓ S) the comma category. It has objects all triples (c 1 , c 3 , f ) with c 1 an object of C 1 , c 3 an object of C 3 and f ∈ Hom C2 (T c 1 , Sc 3 ).
• Objects: for all natural integers m,
• Morphisms: for all natural integers n, for all g ∈ Hom G (m, m), C 1,g ′ (g) = (g, g) which is equivalent to the following commutative diagram: 
• Morphisms: for all natural integers m, for all g ∈ Hom G (m, m), C 2,m ′ (g) = (id m ′ , g) which is equivalent to the following commutative diagram:
Condition 1.19. Let m be a natural integer. For all natural integers n and n ′ such that n ′ ≥ n, we require that the following diagram is commutative. Notation 2.1. When there is no ambiguity, once the Long-Moody system {G, H n , A • , ς n } LM n∈N is clearly given, we forget it in the notation for convenience (especially for proofs).
First, we prove that the Long-Moody construction defined in [13] can be extended so as to define a functor LM : Fct (UG, R-Mod) −→ Fct (UG, R-Mod). Let F be an object of Fct (UG, R-Mod) and n be a natural integer. For all g ∈ G n , since F (g) ∈ GL (F (n)), F defines in fact a representation of G n :
A fortiori, the R-module F (n) is in fact endowed with a R [G n ]-module structure with this action F |Hom UG (n,n) . Thanks to the natural transformation ς n :
Remark 2.2. For all natural integers n, the morphisms H • (γ n ) : H n → H n+1 and A •|Gn : G n → Aut (H n ) naturally extend to define a morphisms for the group rings
and for all g ∈ G n :
and
for all natural integers n.
• Objects:
F (n).
• Morphisms: Let n, n ′ ∈ N, such that n ′ ≥ n, and
and v ∈ F (n), one assigns:
Proof. The proof follows repeating mutatis mutandis the one of [17, Proposition 3.6] . Indeed, since we consider a coherent Long-Moody system {G, H n , A • , ς n } LM n∈N , we verify the identity axiom thanks to the fact that H • : N −→ Gr and A • : G −→ Gr are functors with Gr as target category on the one hand; on the other hand, the composition axiom is satified using Condition 1.15, and the functoriality with Gr as target category of A • : G −→ Gr.
In the following proposition, we define an endofunctor of UG-Mod corresponding to the Long-Moody construction. It will be called the Long-Moody functor. • Objects : Let F ∈ Obj (UG-Mod), LM {G,Hn,A•,ςn} (F ) is defined as in Proposition 2.3.
• Morphisms : Let F and G be two objects of Fct (UG, R-Mod), and η : F =⇒ G be a natural transformation. We define LM {G,Hn,A•,ςn} (η) : LM {G,Hn,A•,ςn} (F ) =⇒ LM {G,Hn,A•,ςn} (G) for all natural integers n by:
Proof. The proof follows repeating mutatis mutandis the one of [17, Proposition 3.8].
Remark 2.5. The Long-Moody functor is reduced.
Let us investigate on some properties of a Long-Moody functor.
Proof. Let us consider the short exact sequence 0 − : R-Mod −→ R-Mod is a right exact functor for all natural integers n (see for example [22, Application 2.6.2]). Hence, applying it to the morphisms α n and β n , we obtain that the following sequence of R-modules is exact. We denote (LM (α)) n resp. (LM (β)) n byα n resp.β n .
The naturality follows straightforwardly from the definition of the Long-Moody functor (see 2.4).
For particular families of groups {H n } n∈N , the previous proposition is stronger. Let us recall the following result. 
Hence the cohomological dimension of G is one. According to a theorem due to Swan [19, Theorem A], G is a free group. The converse is a classical result of homological algebra (see [22, Corollary 6 
.2.7]).
Corollary 2.8. If H n is a free group for all natural integers n, then the Long-Moody functor LM {G,Hn,A•,ςn} :
Proof. Let nbe a natural integer. Since H n is a free group, according to Lemma 2.7, the augmentation ideal I R[Hn] is a projective R [H n ]-module, it is therefore a flat R [H n ]-module. We deduce that the functor
− : R-Mod −→ R-Mod is an exact functor for all natural integers n and applying it to the morphisms α n and β n , we obtain that the following short sequence of R-modules is exact. Again, we denote (LM (α)) n resp. (LM (β)) n byα n resp.β n .
Corollary 2.9. The functor LM {G,Hn,A•,ςn} commutes with all finite finite colimits. Moreover, if H n is a free group for all natural integers n, then the functor LM {G,Hn,A•,ςn} commutes with all finite finite limits.
Proof. The functor LM is right exact (resp. exact) according to Proposition 2.6. The result is a property of right exact (resp. exact) functors (see for example [14, Chapter 8, section 3] ).
A keystone relation with the difference functor
This section aims at presenting the remarkable relations of the Long-Moody functors with the evanescence and difference functors (see Theorems3.12 and 3.13). Many of the following results are essentially adjustment of the work lead in [17, Part 4] . We will insist on the aspects which differ from this previous work and we refer the reader to [17, Part 4] for more details on the non-covered points. Let {G, H n , A • , ς n } LM n∈N be a reliable Long-Moody system, which is fixed throughout this section.
The intermediary functors
We have to introduce two new functors which will play a key role in the main result of the study. First, let us recall the following crucial property of the augmentation ideal of a free product of groups. The proof of this proposition is a consequence of combining [4 
For a fixed natural integer m and F an object of Fct (UG, R-Mod), let us consider τ m LM {Gn,Hn} (F ). for all natural integers n, by Proposition 3.1, we have a R [H m+n ]-module isomorphism:
Therefore, because of the distributivity of tensor product with respect to the direct sum, we prove the following proposition.
Proposition 3.2. Let F ∈ Obj (UG-Mod) and m, n be natural integers. Then, we have the following R-module isomorphism:
The aim of this section is in fact to show that this R-module decomposition will lead to a decomposition of τ m LM {G,Hn,A•,ςn} in objects of Fct (UG, R-Mod) (see Theorem (3.12)). Proof. The proof follows repeating mutatis mutandis the one of [17, Proposition 4.3] . For sake of completeness, we indicate that for F ∈ Obj (Uβ-Mod) and for all natural integers n:
Moreover, for n and n ′ be natural integers such that n ′ ≥ n, and [n ′ − n, g] ∈ Hom UG (n, n ′ ) with g ∈ G n ′ , considering i ∈ I R[Hm] and v ∈ F (m + n), the functor Υ m (F ) is defined on morphisms by:
We naturally define the functor Υ m on natural transformations by:
The key point of the proof is to define a natural transformation
by the assignment:
Naturality is satisfied because of Conditions 1.18 and 1.19 since we consider a reliable Long-Moody system {G, H n , A • , ς n } LM n∈N . Then, it follows directly from our definitions that we define a natural transformation υ m : Υ m =⇒ τ m LM in the category UG-Mod.
The functor Υ {G,Hn} m satisfies some convenient properties. Proof. The proof follows repeating mutatis mutandis the one of [17, Proposition 4.6] . The key point is to consider the following commutative diagram, where the two sequences are exact (because of Lemma 3.5 for the bottom one), the following diagram is commutative.
If H n is assumed to be a free group for all natural integers n, then Υ m (κ l F ) (n) is the kernel of (Υ m (i l (F ))) n by Lemma 3.5. Therefore, the results follow from the universal properties of the kernel and the cokernel. The naturality in n follows directly from the definitions and our constructions. Proof. The proof follows repeating mutatis mutandis the one of [17, Proposition 4.7] . For sake of completeness, we indicate that we define a natural transformation ε m (F ) : LM (τ m F ) =⇒ τ m LM (F ) assigning:
Naturality follows from Condition 1.15. Therefore, for every F ∈ Obj (Fct (UG, R-Mod)), LM (τ m F ) is a subfunctor of τ m LM (F ). In fact, thanks to our definitions, we can define a natural transformation ε m : LMτ m =⇒ τ m LM in the category Fct (UG, R-Mod). 
Splitting of the difference functor
Our aim is to study the effect of the Long-Moody construction on strong polynomial functors. To that purpose, we focus on the behaviour of the difference functor on the Long-Moody construction. Thus, we will be interested in the study of the cokernel of the map i m LM {G,Hn,A•,ςn} . Let us recall some properties of this map.
• for all natural integers n, i m (LM (F )) (n) = LM (F ) Hn] , for all element v of F (n):
• we have the natural exact sequence: 
such that the following diagram is commutative.
For n and n ′ be natural integers such that n ′ ≥ n, and [n ′ − n, g] ∈ Hom UG (n, n ′ ) with g ∈ G n ′ , considering k ∈ I R[Hn] and w ∈ F (n), the functor Im m (F ) is defined on morphisms by: 
Then, as a direct consequence of our definitions, we prove that the natural transformations ϑ m (F ) define a natural transformation ϑ m : Im m =⇒ LM • τ m in the category Uβ-Mod.
The following proposition is thus a direct consequence of this lemma and Proposition 3.8. We may refine this proposition using the following lemma.
Lemma 3.11. Let m be a natural integer. There is a natural equivalence:
Proof. The proof follows repeating mutatis mutandis the one of [17, Lemma 4.12] . It is a consequence of the right exactness of the Long-Moody functor by Proposition 2.6, of the Lemma 3.9 and of the fact that for all natural integers n:
Lemma 3.11 leads therefore to the following result. Furthermore, we can determine the behaviour of the evanescence functor for particular cases.
Theorem 3.13. Let m be a natural integer. Assume that the group H n is a free group for all natural integers n. Then, the endofunctor κ m commutes with the endofunctor LM {G,Hn,A•,ςn} . In other words, there is a natural equivalence:
Proof. The proof follows repeating mutatis mutandis the one of [17, Theorem 4.14] . It is a consequence of the fact that in this case the Long-Moody functor is exact (see Corollary 2.8).
Behaviour of the generalized Long-Moody functors on polynomial functors
In this section, we study the effect of the Long-Moody functors on (very) strong and weak polynomial functors. Indeed, they have to remarkable property to increase by one the degree of very strong and weak polynomiality of a functor (see Theorems 4.5 and 4.19). Let {G, H n , A • , ς n } LM n∈N be a reliable Long-Moody system, which is fixed throughout this section.
Strong polynomial functors
In [6, Section 1], Djament and Vespa construct a framework to define strong polynomial functors in the category Fct (M, A), where M is a symmetric monoidal category where the unit is an initial object and A is an abelian category. This framework is extended for functors from pre-braided monoidal categories having the same additional property in [17, Section 2]. These two papers form our general references for this notion of (very) strong polynomiality. We denote by Pol strong n (UG, R-Mod) the subcategoryof Fct (UG, R-Mod) of strong polynomial functors of degree less or equal to n ∈ N.
Here, we focus on the behaviour of the Long-Moody functor on strong polynomial functors. It takes up the framework of [ Theorem 4.5. Let n be a natural integer and F be an object VPol n (UG, R-Mod). Then, the functor LM {G,Hn,A•,ςn} (F ) is a strong polynomial functor of degree equals to n + 1. Moreover, if we assume that the group H n is a free group for all natural integers n, then the functor LM {G,Hn,A•,ςn} (F ) is a very strong polynomial functor of degree equals to n + 1. 
Weak polynomial functors
We deal here with the concept of weak polynomial functor defined by Djament and Vespa in [6, Section 1] in the category Fct (M, A) where M is a symmetric monoidal category where the unit is an initial object, and A is an abelian category. Even if Djament and Vespa consider a symmetric monoidal category, the definitions and results of [6, Section 1] can easily be extended to a pre-braided one. In the first subsection, we review the definition and properties of weak polynomial functors in this setting. In particular, the notion of weak polynomial functor will be well-defined for the category Fct (UG, R-Mod) where (G, ♮, 0) is a braided monoidal groupoid. Then, we investigate on the behaviour of the Long-Moody functor on strong polynomial functors in the second subsection.
Weak polynomiality
We refer to [9] for the notions of abelian category, Grothendieck category and quotient abelian category which will be necessary for this section. Let (M, ♮, 0) be a pre-braided strict monoidal small category and A be a Grothendieck category, which are fixed throughout this section.
Remark 4.6. We recall that this way the functor category Fct (M, A) is an abelian category (see [14, Chapter VIII]).
Moreover, we assume that for all object m of M, Hom M (m, m) = Aut M (m). This last assumption is necessary to the commutativity of the translation functors and a fortiori to define strong polynomial functors (see [ Proof. We take up here the progression of [6, Section 1.2]. We will insist on the point which allows to generalize the obtained results. For E a set of objects of M, we denote by N (E) the set of all maps φ : E → N such that φ (e) = 0 for a finite number of elements of E. The set N (E) is a directed set, with the order induced by the product order. We arbitrary make this order total on E. The totally ordered set N (E) , viewed as a category, is endowed with a monoidal structure induced by the addition in N. Let ζ : N (E) → M be the functor defined by ζ (φ) = ♮ e∈E e ♮φ(e) for φ ∈ N (E) . This functor is strong monoidal. Indeed, for φ and φ ′ maps in N (E) , for all e ∈ E, the braiding isomophisms b 
Therefore, the additional assumption of each point of Proposition 4.8 implies that ζ is essentially surjective. Repeating exactly the same proof as the one of [6, Proposition 1.13], we prove that for F an object of Fct (M, A), F is stably null if and only if Colim
(F • ζ) = 0 (the first point is a particular case of this equivalence). The second point follows from the fact that N (E) forms a filtered set.
For the remainder of this section, we assume that there exists a set E of objects of the category M such that each object m of M is isomorphic to a finite monoidal product (ie using ♮) of elements of E. The thickness property in the second point of Proposition 4.8 ensures that we can consider the quotient category of Fct (M, A) by Sn (M, A) (see [9, Chapter 3] ). 1. The following relations hold:
2. The following sequence is exact and naturality in x is satisfied.
3. For y another object of M, the endofunctors δ x , δ y , τ x and τ y of St (M, A) two at a time commute up to natural isomorphism.
We can now introduce the notion of weak polynomial functors. For an object F of St (M, A) which is weak polynomial of degree less or equal to n ∈ N, the smallest d ∈ N (d ≤ n) for which F is an object of Pol 
Effect of the Long-Moody functors
Let {G, H n , A • , ς n } LM n∈N be a reliable Long-Moody system, which is fixed throughout this section. The main result of this paragraph is based on the following proposition. 
Let us investigate on the effect of a Long-Moody functor on weak polynomial functors. We consider an object F of Fct (UG, R-Mod). By Proposition 4.11, we have that:
According to Theorem 3.12, we deduce that:
It follows from the exactness of π UG that:
So, by Corollary 4.17, we have:
Finally, we deduce from Proposition 4.11:
Theorem 4.19. Let n be a natural integer and F be an object of Fct (UG, R-Mod). If F is weak polynomial of degree n, then the functors Υ {G,Hn,A•,ςn} m (F ) and LM {G,Hn,A•,ςn} (F ) are weak polynomial functors of weak degree equals to n + 1.
Proof. The result for Υ m follows by induction on the degree of polynomiality from the commutation results of Proposition 3.6 and Corollary 4.17. For LM, we also proceed by induction. A weak polynomial functor of degree 0 is constant according to Proposition 4.15, by the equivalence (3), we obtain that:
Therefore LM (F ) is a weak polynomial functor of degree 1. Now, assume that F is a weak polynomial functor of degree n ≥ 0. By the equivalence (3):
The result follows from the inductive hypothesis and the result on Υ 1 .
The case of symmetric monoidal categories
Let {G, H n , A • , ς n } LM n∈N be a Long-Moody system which we fix throughout this section. We assume that the family of groups {G n } n∈N is such that the pre-braided monoidal groupoid (G, ♮, 0) is symmetric monoidal. A fortiori, the homogenous category (UG, ♮, 0) is symmetric monoidal, according to [16, Proposition 1.8]. , considered by Djament and Vespa in [6, Section 3]. As remarked in [6, Exemple 3.3] , this construction is equivalent to the category Cospan † (UG) introduced in [20] or in [21] . We will use the same conventions and notations for the category Cospan † (UG), especially for morphisms, as the ones of [20] and [21] .
A general construction for symmetric monoidal categories

Extended functors for symmetric monoidal categories
Recall that considering a symmetric strict monoidal groupoid G, the associated category UG is an object of the category Mon • Objects: for all natural integers m, H • (m) = H m ;
• Morphisms: for all natural integers m,
The following two conditions allow to extend the Long-Moody functors to UG as source category.
Condition 5.2. For all natural integers
• Morphisms: for all natural integers n, for all g ∈ Hom G (m, m), C 4,m ′ (g) = (g, g) which is equivalent to the following commutative diagram: F (n).
• Morphisms: Let n, n ′ ∈ N, such that n ′ ≥ n, and [n ′ − n, g] ∈ Hom UG op (n ′ , n). For all i ∈ I R[Hn] and v ∈ F (n), one assigns:
Proof. The identity axiom holds thanks to the fact that H • : N op −→ Gr and A • : G −→ Gr are functors with Gr as target category. Considering
and v ∈ F (n), the composition axiom follows from the fact that y Condition 5.2:
Extension of the Long-Moody functors Condition 5.6. Let k, n and m be natural integers such that n, k ≥ m. We require that for all g ∈ G k the following diagram is commutative with q = (k − m) ♮ (n − m) ♮m.
n∈N is said to be --extendable if it is coherent, cocoherent and it satisfies Condition 5.6.
We assume in the remainder of this section that the Long-Moody system {G, H n , A • , ς n } LM n∈N is --extendable. F (n).
• Morphisms: Let n, n
Proof. The identity axiom and the composition axiom for morphisms of type L • L are already done for the proof of Proposition 2.3. In addition, the composition axiom for morphisms of type R • L comes straightforward from the definition of LM and the fact that F is a functor and the one for morphisms of type R • R is already done to prove Propostion 5.5. So we only need to prove the composition axioms for morphisms of type L • R.
by Condition 5.6, we have that:
This is the key equality to deduce the composition axiom.
In the following proposition, we define an endofunctor of UG-Mod corresponding to the Long-Moody construction. It will be called the Long-Moody functor.
Proposition 5.9. The following assignment defines a functor LM {G,Hn,A•,ςn} : UG-Mod −→ UG-Mod.
• Objects : Let F ∈ Obj (UG-Mod), LM {G,Hn,A•,ςn} (F ) is defined as in Proposition 5.8.
• Morphisms : Let F and G be two objects of Fct UG, R-Mod and η : F =⇒ G be a natural transformation. We define LM {G,Hn,A•,ςn} (η) : LM {G,Hn,A•,ςn} (F ) =⇒ LM {G,Hn,A•,ςn} (G) for all natural integers n by:
Proof. The proof is exactly the same as the one of Propostion 2.4.
Proposition 5.10. The following diagram is commutative.
Proof. Let F be an object of Fct UG, R-Mod . It is worth noting that for n, n 
Examples
In this last part, we apply our framework of the Long-Moody functors defined in Section 3 for different families of groups. In particular, Randal-Williams and Wahl prove homological stability for these families with twisted coefficients given by functors of the type considered in the study led in the previous sections in [16, Section 5] . Namely, generally speaking, for a family of groups {G n } n∈N with (G, ♮, 0) its associated braided strict monoidal groupoid, their results state as follows:
Theorem [16, Section 4] . If F : UG → Z-Mod is a very strong polynomial functor of degree r, then the maps
are isomorphisms for N ( * , r) ≤ n with N ( * , r) ∈ N depending on * and r.
Representation theory of many families of groups considered (such as mapping class groups of surfaces or of 3-manifolds) is difficult and a current significant research topic (see for example [1, Section 4.6] , [8] , [11] or [15] ). Therefore, there are very few examples of very strong polynomial functors over UG and a fortiori for which homological stability is satisfied. This way, we can see here a special interest of Long-Moody functors (and in particular their iterations), which provide very strong polynomial functors in any degree, no matter how the group considered is complicated as long as it fits in the framework defined in Section 1.
Notation 6.1. Generally speaking, for a family of groups {G n } n∈N with (G, ♮, 0) its associated braided strict monoidal groupoid, we denote by X : UG −→ R-Mod the constant functor such that X (n) = R for all natural integers n.
In this Section, we will in particular focus on exhibiting the functors that we recover directly applying the Long-Moody functor on X.
Symmetric groups
Let us consider G n = S n for all natural integers n. The associated groupoid Σ is a skeleton of the groupoid of finite sets and bijections, with the disjoint union of sets ⊔ as monoidal product and the empty set as unit. The symmetry of the monoidal structure is given by the canonical bijection τ n1,n2 : n 1 ⊔n 2 → n 2 ⊔n 1 .
Remark 6.2. The category UΣ is symmetric monoidal by [16, Proposition 1.8] . It is equivalent to the category FI studied in [3] .
We assign for all natural integers n:
• (A2): ς n : F n −→ S n is the trivial morphism. Example 6.3. Applying the Long-Moody functor LM {Σ,Fn,A1,ςn} to X : UΣ −→ R-Mod, we obtain that for all natural integers n, LM {Σ,Fn,A1,ςn} (X) (n) = R ⊕n . For every transposition τ i of the i-th and i + 1-th elements of S n (with i ∈ {1, . . . , n − 1}):
Considering a general morphism [1, τ i ] ∈ Hom UΣ (n, n + 1), we obtain:
This functor encodes the family of standard representations of symmetric groups.
Automorphism groups of free groups
We deal here with G n = Aut (F n ) for all natural integers n. The associated groupoid gr f in,f ree is a skeleton of the groupoid of finitely generated free groups, with the free product of groups * as monoidal product and the trivial group as unit. The symmetry of the monoidal structure is given by the permutation of the generators τ n1,n2 : Z * n1 * Z * n2 → Z * n2 * Z * n1 . The category Ugr f in,f ree is symmetric monoidal by [16, Proposition 1.8] and it is equivalent to the category considered by Djament and Vespa denoted by G in [5] and [6] . We assign for all natural integers n:
• (A2): c n : F n −→ Aut (F n ) which assigns to each element f of F n the conjugation by f automorphism of F n .
Conditions 1.15 and 1.18 are satisfied since for all natural integers m, m ′ , the chosen functor A 1 encodes a family of actions of Aut (F m ′ +m ) on F m ′ +m which preserve F m and F m ′ in F m ′ +m with respect to the monoidal structure ♮. Condition 1.19 holds for all natural integers m, m ′ and n since A 1 (τ m,n ′ −n ♮id n ) • γ l m+n,m+n ′ exactly put the m first elements of F m+n on the first one of F m+n ′ . Thus we consider a reliable Long-Moody system. Example 6.4. We consider the functor i : Ugr f in,f ree → gr defined in [5, Definition 4.2] . More precisely, it is the identity on objects and it sends a morphism (g, n 2 − n 1 ) : Z * n1 → Z * n2 of Ugr f in,f ree (where g : Z * n1 ֒→ Z * n2 is an injective homomorphism and Z * n2 ∼ = Z * n2−n1 * g (Z * n1 )) to the morphism g : Z * n1 ֒→ Z * n2 of gr. Let us denote by a : gr → R-Mod the abelianization functor tensorized by R. Hence, we consider the functor a • i : Ugr f in,f ree → R-Mod.
For all natural integers n, let us consider the isomorphisms:
Applying the Long-Moody functor LM {gr f in,f ree ,Fn,A1,cn} to X : Ugr f in,f ree −→ R-Mod, we obtain a natural
,cn} (X) thanks to the family of isomorphisms {ω n } n∈N .
Mapping class groups of orientable surfaces
We will consider the family of mapping class groups Γ Figure 2] ). The category UB 2 is pre-braided monoidal by [16, Proposition 1.8] . For g a fixed natural integer, we consider the full subcategory (UB 2 ) g of UB 2 which has Σ n g,1 for objects. Remark 6.5. We have (UB 2 ) 0 = Uβ the category corresponding to the study of [17] for the family braid groups.
The category (UB 2 ) g does not exactly fit in our framework since it has not enough objects so that the pair of pants multiplication defines a monoidal structure. However, this monoidal structure is necessary only to lead our study for (very) strong and weak polynomial functors. So, we slightly generalize our framework by the following procedure. Let F be an object of Fct (UB 2 ) g , R-Mod and letF be the object of Fct (UB 2 , R-Mod) equals to F on the subcategory (UB 2 ) g and trivial on the remainder of the category. We assign F to be (very) strong polynomial (resp. weak polynomial) of degree d ifF is (very) strong polynomial (resp. weak polynomial) as an object of Fct (UB 2 , R-Mod) with respect to τ Σ We assign for all natural integers n:
• H n = π 1 Σ ♮id 2m • γ l 2g+m+n,2g+m+n ′ exactly put the 2m first elements of F 2m+2n on the first one of F 2m+2n ′ . Thus we consider a reliable Long-Moody system.
Modifying the genus
Assume that s = 0. Let Σ 1,1 be a compact orientable connected surface with one boundary component and genus 1. Recall that the pair of pants multiplication ♮ is well-defined on Σ 1,1 . Hence, we define Σ n,1 to be the iterated pair of pants multiplications of Σ 1,1 , ie Σ n,1 = (Σ 1,1 ) ♮n . For all natural integers n, we deal here with G n = Γ n,1 the isotopy classes of diffeomorphisms restricting to the identity on the boundary component of Σ n,1 . The associated groupoid M +,genus 2 has {Σ n,1 } n∈N for objects and morphisms are given by the groups Γ n,1 . The pair of pants multiplication ♮ defines the monoidal product and the disc Σ is prebraided monoidal by [16, Proposition 1.8] . Let p be a point on ∂Σ n,1 for all natural integers n. We assign for all natural integers n:
• H n = π 1 (Σ n,1 , p) = F 2n = f 1 , . . . , f 2n , with H • (γ n ) = γ −→ Gr is defined for all natural integer n to be the fundamental group of Σ n,1 for the objects, and for the morphisms by the action of the mapping class group on the fundamental group of Σ n,1 , which is injective according to Dehn Nielsen Baer Theorem (see for example [7, Theorem 8 .1]);
• (A2): ς n : F 2n −→ Γ n,1 is the trivial morphism. • Objects: ∀n ∈ N, Sympl (n) = H 1 (Σ n,1 , R) ∼ = R ⊕2n .
• Morphisms:
-Automorphisms: for all natural integers n, for all ϕ ∈ Γ n,1 :
-General morphisms: for all natural integers n, and [1, ϕ] ∈ Hom UM genus 2
(n, n + 1). We define:
